In the framework of the littlest Higgs model with T parity, we study the W H -pair production at the CERN Large Hadron Collider up to the QCD next-to-leading order (NLO). The kinematic distributions of final decay products and the theoretical dependence of the cross section on the factorization/renormalization scale are analyzed. We adopt the PROSPINO scheme in the QCD NLO calculations to avoid double counting and keep the convergence of the perturbative QCD description. Our numerical results show that the QCD NLO corrections significantly reduce the scale uncertainty, and enhance the leading order integrated cross section with a K-factor in the range of 1.10 − 1.22 (1.09 − 1.17) with the symmetry breaking scale f varying from 400 GeV (400 GeV ) to 1.5 T eV (1.0 T eV ) at the 14 T eV (8 T eV ) LHC. We find that it is possible to select the signal events of the W H -pair production from the pp → W + W − → e + µ − ν eνµ + X background with high ratio of signature over background by taking proper lower limits on transverse momenta, invariant mass of the final charged leptons and the missing transverse momentum.
I. Introduction
Although the standard model (SM) [1, 2] provides a remarkably successful description of high energy physics phenomena at the energy scale up to 100 GeV , it leaves a number of theoretical problems unsolved. Many extended models are proposed to deal with these problems such as grand unified theories [3] , supersymmetric models [4] , extra dimensions models [5] , left-right symmetric models [6] , B-L (baryon number minus lepton number) extended SM models [7] , little Higgs models [8] and many more. Each of these models has motivation to solve one or more of the problems that the SM encounters. Among them the little Higgs models deserve attention due to their elegant solution to hierarchy problem and are proposed as one kind of electroweak symmetry breaking (EWSB) models without fine-tuning in which the Higgs boson is naturally light as a result of nonlinearly realized symmetry [9] - [14] . The littlest Higgs (LH) model [15] , an SU (5)/SO(5) nonlinear sigma model [11] , is the most simplest version of little Higgs models, in which a set of new heavy gauge bosons (A H , W H , Z H ) and a vector-like quark (T ) are introduced to cancel the quadratic divergence contribution to Higgs boson mass from the SM gauge boson loops and the top quark loop respectively. However, this model predicts large corrections to electroweak precision observables and the scale of the global symmetry breaking f , is constrained by experimental data [12] , which set severe constraints on the new heavy particle masses and the model parameters. For instance, recent experimental measurements on the decay processes
ν and Z H → l + l − provide the constraints of M W H > 2.18 T eV and M Z H > 1.83 T eV [16, 17] . These constraints would enforce the symmetry breaking scale f , which characterizes the mass of new particles, to be larger than 2.5 T eV and 3 T eV respectively. Consequently, the cutoff scale Λ ∼ 4πf becomes so large that calls for the fine-tuning between the electroweak scale and the cutoff scale again.
By introducing a discrete symmetry, the T parity, the littlest Higgs model with T parity (LHT) [18] - [22] offers a viable solution to the naturalness problem of the SM, and also predicts a set of new heavy fermions, gauge bosons as well as a candidate for dark matter. In the LHT, all the SM particles are T -even and almost all the new heavy particles are T -odd. Due to the different T parity quantum numbers, the SM gauge bosons cannot mix with the new gauge bosons in the LHT. This would alleviate the constraints from the electroweak precision tests and thus allows the scale f to 2 be significantly lower than 1 T eV [21] . For instance, due to the T parity conservation, the processes
ν and Z H → l + l − are forbidden, and the only decay modes of these T -odd heavy gauge bosons are W H → A H W and Z H → A H H. In this case, the leptons are produced from the decays of W and H, but not from the heavy gauge bosons directly. Therefore, these T -even gauge bosons escape from the experimental constraints shown in Refs. [16, 17] . Furthermore, as a lightest T -odd particle, the heavy photon A H cannot further decay into other particles, and would be a good candidate for the dark matter [23] . Since the CERN Large Hadron Collider (LHC) has potential to detect the signals of new gauge bosons and fermions, the phenomenology of the LHT would be quite interesting and a number of phenomenological works has been presented [20, 24, 25, 26] . Recently, the QCD NLO corrections to the process pp → W H (Z H )q − + X has been presented in Ref. [27] . Of all heavy gauge boson production processes, the heavy gauge boson W H -pair production can be particularly significant due to the potential of its copious productions at the LHC as shown in Refs. [24, 28] , where the W H -pair production at the LHC is studied at the leading-order (LO).
In this paper, we make a precision investigation for the process pp → W 
II. The related LHT theory
Before our calculations, we will briefly recapitulate the LHT theory which is relevant to the analysis in this work. The details of the LHT can be found in Refs. [18, 20, 21, 24] .
At some high scale f the global symmetry SU (5) is broken down to SO(5), leading to 14 massless Nambu-Goldstone bosons. Four of them are manifested as the longitudinal modes of the heavy gauge bosons. The other 10 decompose into a T -even SU (2) doublet h, identified as the SM Higgs field, and a complex T -odd SU (2) triplet Φ, which obtains a mass of m Φ = √ 2m h f /v SM , with m h and v SM being SM Higgs mass and the electroweak symmetry break scale, respectively.
The additional discrete symmetry, T -parity, is in analogy to the R-parity in the minimal supersymmetric standard model (MSSM) [18, 20, 22] . The T -parity transformations for gauge sector are defined as the exchange between the gauge bosons of the two SU (2) × U (1) groups, i.e., W a 1 ↔ W a 2 3 and B 1 ↔ B 2 . Thus their T -odd and T -even combinations can be obtained as
The mass eigenstates of the gauge sector in the LHT are expressed as
where s w = sin θ W , c w = cos θ W , s H = sin θ H , c H = cos θ H , θ W is the Weinberg angle, and the mixing
Then the gauge sector consists of T -odd heavy new gauge bosons W ± H , Z H , A H and T -even light gauge bosons identified as SM gauge bosons, W ± , Z 0 and one massless photon. The T parity partner of the photon, A H , is the lightest T -odd particle, therefore, the candidate of dark matter in the LHT. The masses of the T parity partners of the photon, Z 0 -and W ± -boson are expressed as [24] 
where v SM = 246 GeV . At the tree level the SM gauge boson masses can be expressed as
In the LHT, the fermion sector of the first two generations in the SM is remained unchanged and the third generation of quarks is modified. We introduce two fermion doublets q 1 and q 2 for each fermion generation. The T parity transformation to these fermion doublets is defined as q 1 ↔ −q 2 . Therefore, the T -odd and T -even combinations can be constructed as
where q + is the doublet for the SM fermions and q − for their T -odd partners. We take the Lagrangian suggested in Refs. [18, 20, 21] to generate the masses of the T -odd fermion doublets,
where Ω = diag(1, 1, −1, 1, 1), Ψ c = (q c , χ c ,q c ) T , and the SU (5) multiplets Ψ 1 and Ψ 2 are expressed as
The interaction Lagrangian in Eq.(2.5) can be proofed to be invariant under T -parity, and T -odd quark doublet q − gets a Dirac mass withq c ≡ (id R − , −iu R − ) T from Eq.(2.5) expressed as [24] 
where the lower indexes U − = u − , c − , t − and D − = d − , s − , b − , which represent the T -odd heavy partners of the SM quarks, and κ is the mass coefficient in Lagrangian of the quark sector. As we know in the LHT f > 500 GeV [29] , it is evident from Eq.(2.7) that the T -odd up-and down-type heavy partners have nearly equal masses.
In order to avoid the large radiative correction to Higgs boson mass induced by top-quark loop, the top sector must be additionally modified. We introduce the following two multiplets,
where U L1 and U L2 are the singlet fields and the q 1 and q 2 are the doublets. Under the SU (5) and the T parity transformations, Q 1 and Q 2 behave themselves same as Ψ 1 and Ψ 2 .
In addition to the T -even SM top quark right-handed SU (2) singlet u R , the LHT contains two SU (2) singlet fermions U R1 and U R2 of hypercharge 2/3, which transform under T parity as
The T parity invariant Yukawa Lagrangian of the top sector can be written as 
The T -odd states U L− and U R− combine to form a Dirac fermion T − , and we obtain the mass of the T − quark from the Lagrangian of Eq.(2.10) as
The left-handed (right-handed) top quark t is a linear combination of u L + and U L + (u R+ and U R + ), and another independent linear combination is a heavy T -even partner of the top quark T + : 13) where the mixing matrix elements are approximately expressed as
(2.14)
There we define
The t is identified with the SM top and T + is its T -even heavy partner. Then the masses of the top quark and T -even heavy top quark can be obtained as
The Feynman rules in the LHT related to our calculations are presented in Appendix A.
III. Calculation descriptions
In this work, we adopt the five-flavor scheme (5FS) in the LO and QCD NLO calculations and neglect 
III..1 LO cross section
The LO contribution to the cross section for the parent process pp → W + H W − H + X comes from the quark-antiquark annihilation. We denote the subprocess as
The corresponding Feynman diagrams for the uū → W 
where
Analogously, we can get the amplitudes for the other partonic processes 
The LO cross section for the partonic process→ W
The factor 1 4 and 1 9 come from averaging over the spins and colors of the initial partons respectively, p is the three-momentum of one initial parton in center-of-mass system (CMS) and √ŝ is the partonic CMS energy. The two-body phase-space element dΩ 2 is expressed as
The total cross section for the parent process pp → W
H +X at the tree-level can be obtained by integrating the cross section for partonic processesσ 0with the parton distribution functions (PDFs),
where G i/P (i = q,q; P = P 1 , P 2 ) denotes the PDF of parton i in proton P , x i (i = 1, 2) is the momentum fraction of a parton in proton P i (i = 1, 2), µ f is the factorization scale and s is the total colliding energy squared in proton-proton CMS.
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III..2 QCD NLO corrections
The genuine QCD NLO correction to the parent process pp → W (2) The contribution of the real gluon emission partonic process→ W We plotted some representative Feynman diagrams for the one-loop virtual corrections to the partonic Fig.2 . In calculating one-loop amplitudes we shall meet both UV and IR singularities. In order to remove the UV divergences, we renormalize the masses and wave functions of SM quarks and their T -odd parteners with the counterterms defined as
where ψ q,L,R , ψ q − ,L,R denote the fields of SM quark and T -odd quark respectively, and m q − denotes the mass of T -odd quark. We adopt the on-shell scheme to perform the renormalization procedure and then the relevant renormalization constants are expressed as 
After the renormalization, this one-loop virtual contribution is UV finite. However, it still contains soft and collinear IR singularities, which can be canceled by considering the real gluon/light-(anti)quark emission subprocesses and the PDF conterterms as described in the following subsections.
III..2.2 Real gluon/light-(anti)quark emission corrections
We denote the real gluon emission partonic process for the W H -pair production as
The tree-level Feynman diagrams for the real gluon emission partonic process→ W
The Feynman diagrams for this subprocess are shown in Fig.3 . There exist soft and collinear singularities in these diagrams. In order to manipulate these IR divergences, we employ the two cutoff phasespace slicing (TCPSS) methods [32] , which introduce two arbitrary cutoff δ s and δ c . The soft cutoff δ s divides the phase-space into two regions: soft region (E 5 ≤ The noncollinear cross section partσ HC g is IR safe and the soft singularity in the soft partσ S g can be canceled by the soft IR divergence in the virtual corrections, as demonstrated by the KinoshitaLee-Nauenberg (KLN) theorem [33] . The collinear singularity can be partially canceled by the virtual corrections, and the remained collinear divergence can be absorbed by the PDF counterterms.
The real light-(anti)quark emission partonic process for the W H -pair production is denoted as This removal can be implemented by adopting the PROSPINO subtraction strategy [34, 35] , which is done by performing a replacement of the Breit-Wigner propagator:
where s W H q is the squared momentum flowing through the intermediate q − propagator. For the real light-(anti)quark emission corrections we use the cutoff δ c to separate the phase-space into collinear (C) region (ŝ 15 ≤ δ cŝ orŝ 25 ≤ δ cŝ ) and noncollinear (C) region (ŝ 15 > δ cŝ andŝ 25 > δ cŝ ). Then we
whereσ C q is finite andσ C q contains collinear singularity. After summing the virtual and real gluon/(anti)quark radiation corrections, the remained collinear divergence can be canceled by that in the NLO PDFs.
III..2.3 PDF counterterms
As mentioned above, part of the collinear divergences in the virtual corrections to→ W
can be canceled by the real gluon/light-(anti)quark emission partonic processes, and the remained collinear divergences are absorbed in the PDF counterterms. This collinear counterterm of the PDF can be denoted as δG i/P (x, µ f ) (P = P 1 , P 2 and i = g, u,ū, d,d, c,c, s,s, b,b ). We divided δG i/P (x, µ f ) into two parts: the collinear gluon emission part δG (gluon) i/P (x, µ f ) and the collinear light-quark emission part δG These PDF counterterms can be expressed as (3.19) where P ij (z)(ij = qq, qg, gq, gg) denote the splitting functions. One can find their explicit expressions in Ref. [32] . for this partonic process is UV 
and IR finite, and the cross section at the lowest order,σ 0 gg , can be expressed aŝ
The total cross section for the parent process pp → gg → W + H W − H + X at the lowest order can be obtained by integrating the cross section for partonic processσ 0 gg with the gluon PDF in proton
where we adopt the notations same as in Eq.(3.6).
III..2.5 Total QCD NLO correction
After the renormalization and summing up all the QCD NLO one-loop corrections, the gluon/light- 
IV. Numerical results and discussions IV..1 Input parameters
As discussed in Ref. [36] , the two mixing matrices satisfy V † Hu V Hd = V CKM . Therefore, they cannot simultaneously be set to the identity. In the following calculations we take V Hu to be a unit matrix, then we have V Hd = V CKM . We take α ew (m LHT parameters κ = 1 and
, we obtain the masses of heavy gauge bosons, T -odd quarks and the quarks in top sector for some typical values of the LHT global symmetry breaking scale f , and list them in Table 1 .
With above related parameters and Eqs.(6.1) and (6.2) in Appendix B, we obtain numerically the LO decay widths Γ q − as functions of f in Fig.6 , where we give only the curves for U − = u − , c − , since it is not relevant in our calculations.
IV..3 Checks
The correctness of our calculations are verified in the following aspects:
1. We adopt the same input parameters and PDFs as used in Ref. [24] , and compare our LO results with those as shown in Fig.9 of Ref. [24] . We find that our LO cross sections are in good agreement with those read out from the figure.
2. The cancelations of UV and IR divergences are verified numerically after combining all the contributions at the QCD NLO.
3. The one-loop virtual corrections are computed independently by using two different programs.
One is based on our in-house codes for numerical evaluation of the one-loop integrals, and the other is LoopTools 2.2 package. We find that the numerical results coincide with each other within the calculation errors. can be divided into the two-body and three-body corrections (∆σ (2) and ∆σ (3) ) by the two cutoffs. We depict ∆σ (2) , ∆σ (3) and ∆σ N LO for the process pp → uū → W The amplified curve for the total correction ∆σ N LO in Fig.7(a) is demonstrated in Fig.7 (b) together with calculation errors. We adopt also the dipole subtraction (DPS) method [39] to deal with the IR singularities for further verification. The ∆σ N LO result by adopting this method with ±1σ statistic error is plotted as the shadowing region in Fig.7(b) . We can see that the results from both the TCPSS method and the DPS method are in good agreement. From these two figures we find that the total QCD NLO correction ∆σ N LO is independent of the two cutoffs within the statistical errors. This independence is an indirect check for the correctness of our work. In further numerical calculations, we fix δ s = 1 × 10 −4 and δ c = 1 × 10 −6 . Fig.7(a) . The shadowing region shows the result by adopting DPS method with ±1σ statistic error.
IV..4 Dependence on factorization/renormalization scale
In Figs.8(a,b) , we obtain that the scale uncertainties are reduced from 48.88% (LO) to 13.40% (NLO) at the √ s = 14 T eV and from 76.23%
(LO) to 14.54% (NLO) at the √ s = 8 T eV LHC, respectively. In Table 2 we list some numerical results of the cross sections and K-factors for some typical values of µ/µ 0 , which are read out from Figs.8(a,b) . In order to investigate the contribution from the pp → gg → W 
out from the figures that the corresponding K-factor varies from 1.22 to 1.10 at the √ s = 14 T eV LHC and from 1.17 to 1.10 at the √ s = 8 T eV LHC in the plotted f range. In Table 3 , we list some numerical results of the LO, NLO cross sections and the corresponding K-factors for some typical values of f which are shown in Figs.9(a,b) .
IV..6 Differential cross sections
In this subsection, we investigate the kinematic distributions of final products after the subsequential decays of heavy charged gauge bosons (W
We take the branching ratio of the W H boson decay as Br(W H → W A H ) = 100% for κ = 1 and f = 800 GeV [24] , and the branching ratios of the W boson decay as Br(W + → e + ν e ) = 10.75%
and Br(W − → µ −ν µ ) = 10.57% [37] . The W H -pair production channel including their subsequential decays can be written as
Then a signal event of W H -pair production is detected at the LHC as two charged leptons (e + and Figs.11(a,b) we can see that the peaks on the dσ LO /dp e + /µ − T and dσ N LO /dp 
d dp 
d dp In Figs.12(a,b) , we present the the LO, QCD NLO corrected distributions of the azimuthal angle between e + and µ − and the corresponding K-factors for the pp → W
at the LHC, where we take f = 800 GeV , κ = 1 and s α = c α = √ 2 2 at the future √ s = 14 T eV LHC and the present √ s = 8 T eV LHC, separately. The azimuthal angle between e + and µ − is obtained by using the following equation:
where p e + T and p and missing transverse momentum p miss T due to final ν eνµ products [28] . In order to show the impact of the NLO corrections to the kinematic distributions, and compare the distribution line shapes of signal and background, we make the normalization procedure by dividing the differential cross section by its LO total cross section. We plot the normalized distributions of various kinematic observables of 
V. Summary
In this work, we present the calculation of the W H -pair production at the √ s = 14 T eV and 
VI..2 Appendix B: Partial decay widths
The partial decay widths of T -odd up-type and down-type quarks can be generally expressed as
